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Problem Formulation

Fix probability distributions µ1, . . . , µT on Rd × R

Draw data: zt =
(
(x1

t , y
1
t ), . . . , (xmt , y

m
t )
)
∼ µmt , t = 1,...,T

Learn weight vectors w1, ...,wT by solving

min
w1,...,wT

1

T

T∑
t=1

1

m

n∑
i=1

`(y it , 〈wt , x
i
t〉)︸ ︷︷ ︸

training error: R(wt ;zt)

+λ Ω(w1, . . . ,wT )︸ ︷︷ ︸
joint regularizer
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Problem Formulation (cont.)

min
w1,...,wT

1

T

T∑
t=1

R(wt ; zt) + λΩ(w1, . . . ,wT )

Independent task learning (ITL): Ω(w1, . . . ,wT ) =
∑
t

Ωt(wt)

Typical scenario: many tasks but only few examples per task

In this regime ITL does not work! see [Maurer & Pontil 2008]

Matrix regularization problem
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Applications

User modelling:

� each task is to predict a user’s ratings to products

� the ways different people make decisions about products are related

� special case (matrix completion): x it ∈ {e1, . . . , ed}

Multiple object detection in scenes:

� detection of each object corresponds to a binary classification task:
y i
t ∈ {−1, 1}

� learning common features enhances performance

Many more: affective computing, bioinformatics, neuroimaging, NLP,...
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Modelling Task Relatedness – Different Perspectives

Ideas from kernel methods, sparse estimation, unsupervised learning

RKHS of vector-valued functions [Caponnetto et al. 2008, Caponnetto and De Vito 2007,
Dinuzzo & Fukumizu 2012, Micchelli and Pontil 2005]

Variance regularizer [Evgeniou and Pontil 2004, Maurer 2006]

Common sparsity pattern [Argyriou et al. 2008, Obozinski 2009,..]

Shared low dimensional subspace (PCA) [Ando and Zhang, 2005, Argyriou et al. 2008,...]

Multiple low dimensional subspaces [Argyriou et al. 2008a,...]

Orthogonal tasks [Romera-Paredes et al. 2013a]

Task clustering [Evgeniou et al. 2005; Jacob et al., 2008]

Hierarchical relationships [Mroueh et al. 2011; Salakhutdinov et al. 2011]

Sparse coding [Maurer et al. 2013]

Early work in ML: Use a hidden layer neural network with few nodes and a set of network
weights shared by all the tasks [Baxter 1995, Caruana 1994, Silver and Mercer 1996, Thrun and
Pratt, 1998,...]

Bayesian approaches: [Archambeau et al. 2011, Bakker & Heskes 2003; Evgeniou et al. 2007;
Lenk et al. 96, Xue et al. 2007; Yu et al. 05; Zhang et al. 2006,...]: prior distribution of tasks’
parameters

Related areas: conjoint analysis, longitudinal data analysis, seemingly unrelated regression in
econometrics, functional data analysis
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Examples of Regularizers

Quadratic, e.g.
T∑

t=1

∥∥wt − w̄
∥∥2

2
or

T∑
s,t=1

Ast

∥∥wt − ws

∥∥2

2
, Ast ≥ 0

Joint sparsity:
d∑

j=1

√
T∑

t=1
w2
jt

Multitask feature learning: ‖[w1, ...,wT ]‖tr
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Quadratic Regularizer

min
w1,...,wT

1

T

∑
t

R(wt ; zt) + λ Ω(w1, . . . ,wT )

Example: “stay close to the average” [Evgeniou & Pontil 2004 ]

Ω(w) =
1

T

T∑
t=1

‖wt‖2 +
1− β
β

T∑
t=1

∥∥∥wt −
1

T

T∑
s=1

ws

∥∥∥2

︸ ︷︷ ︸
Variance(w1,...,wT )

, β ∈ [0, 1]

β = 1: independent tasks; β = 0: identical tasks

If each task is a binary SVM: trade-off margin of each task SVM with
variance of the parameters
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Quadratic Regularizer (cont.)

Equivalent problem

min
u0,u1...,uT

1

T

∑
t

R(u0 + ut ; zt) + λ

(
1

1− β
‖u0‖2 +

1

βT

∑
t

‖ut‖2

)

To see this:

Make change of variable: wt = u0 + ut

Minimize over u0 and use Variance = 1
T

∑
t
‖wt‖2 − ‖ 1

T

∑
t
wt‖2
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Link to Kernel Methods

Let Bt be prescribed p × d matrices (typically p � d)

Learn function (x , t) 7→ ft(x) using feature map (x , t) 7→ Btx

Multi-task kernel: K ((x1, t1), (x2, t2)) = 〈Bt1x1,Bt2x2〉

min
v

1

Tm

∑
t,i

`(y it , 〈v ,Btx
i
t〉) + λ〈v , v〉

Previous ex.: Bt
> = [(1− β)

1
2 Id×d , 0d×d , . . . , 0d×d︸ ︷︷ ︸

t−1

, (βT )
1
2 Id×d , 0d×d , . . . , 0d×d︸ ︷︷ ︸

T−t

]

Equivalent to min
w1,...,wT

1
T

∑
t
R(wt ; zt) + λ

T∑
s,t=1

〈ws ,Estwt〉

where E = (B>B)−1, B = [B1, ...,BT ]; see [Evgeniou et al. 2005]
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Structured Sparsity: Few Shared Variables

Favour matrices with many zero rows:

‖W ‖2,1 :=
d∑

j=1

√√√√ T∑
t=1

w2
tj

Special case of group Lasso method [Lounici et al. 09, Obozinski et al. 09,

Yuan and Lin 2006]

Compare matrices W favoured by different regularizers (green = 0, blue = 1):

#rows = 13 5 2
‖ · ‖2,1 = 19 12 8
`1-norm = 29 29 29
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Statistical Analysis

Linear regression model: y it = 〈wt , x
i
t〉+ εit , with εit i.i.d. N(0, σ2)

i = 1, . . . , n, d � n, use the square loss: `(y , y ′) = (y − y ′)2

Assume card

{
j :

T∑
t=1

w2
tj > 0

}
6 s

Variables not too correlated: 1
n

∣∣∣∣ n∑
i=1

x itjx
i
tk

∣∣∣∣ ≤ 1−ρ
7s , ∀t, ∀j 6= k

Theorem [Lounici et al. 2011] If λ = 4σ√
nT

√
1 + A log d

T , A ≥ 4 then w.h.p.

1

T

T∑
t=1

‖ŵt − wt‖2 ≤
(
cσ

ρ

)2 s

n

√
1 + A

log d

T

Dependency on the dimension d is negligible for large T
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Multitask Feature Learning
[Argyriou et al. 2008]

Extend above formulation to learn a low dimensional representation:

min
U,A

∑
t,i

`(y it , 〈at ,U>x it〉) + λ ‖A‖2,1 : U>U = Id×d , A ∈ Rd×T


Let W = UA and minimize over orthogonal U

min
U
‖U>W ‖2,1 = ‖W ‖tr :=

r∑
j=1

σj(W )

Equivalent to trace norm regularization:

min
W

∑
t,i

`(y it , 〈wt , x
i
t〉) + λ ‖W ‖tr
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Variational Form and Alternate Minimization

Fact: ‖W ‖tr = 1
2 inf
D�0

tr(D−1WW >+D) and infimizer =
√
WW >

min
W , D�0

T∑
t=1

n∑
i=1

`(y it , 〈wt , x
i
t〉) +

λ

2

[
tr(W >D−1W )︸ ︷︷ ︸

T∑
t=1
〈wt ,D−1wt〉

+ tr(D)
]

Requires a perturbation step to ensure convergence

Diagonal constraints: ‖W ‖2,1 = 1
2 inf
z>0

{ d∑
j=1

‖w:,j‖2

zj
+ zj

}
See [Dud́ık et al. 2012] for comparative results
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Risk Bound

Theorem [Maurer & Pontil 2013] Let R(W ) = 1
T

∑T
t=1 E(x,y)∼µt

`(y , 〈wt , x〉) and

R̂(W ) the empirical error. Assume `(y , ·) is L-Lipschitz and ‖x it‖ ≤ 1. If

Ŵ ∈ argmin{R̂(W ) : ‖W ‖tr ≤ B
√
T} then with probability at least 1− δ

R(Ŵ )− R (W ∗) ≤ 2LB

(√
‖Ĉ‖∞

n
+

√
2 (ln (nT ) + 1)

nT

)
+

√
8 ln (3/δ)

nT

where Ĉ = 1
nT

∑
t,i

x it ⊗ x it and W ∗ ∈ argmin R(W )

Interpretation: Assume rank(W ∗) = K , ‖w∗t ‖ ≤ 1 and let B =
√
K .

If the inputs are uniformly distributed, as T grows we have a
O(
√

K/nd) bound as compared to O(
√

1/n) for single task learning
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Experiment (cont.)

Test error vs. #tasks Eigenvalues of D
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Performance improves with more tasks

A single most important feature shared by everyone

Dataset [Lenk et al. 1996]: consumers’ ratings of PC models: 180 persons (tasks), 8 training, 4

test points, 13 inputs (RAM, CPU, price etc.), output in {0, . . . , 10} (likelihood of purchase)
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Experiment (cont.)

TE RAM SC CPU HD CD CA CO AV WA SW GU PR
−0.1

−0.05

0

0.05

0.1

0.15

0.2

0.25

Method Test
Independent 15.05
Aggregate 5.52

Quadratic (best c ∈ [0, 1]) 4.37
Structured Sparsity 4.04

MTFL 3.72
Quadratic + Trace 3.20

The most important feature (1st eigenvector of D) weighs technical
characteristics (RAM, CPU, CD-ROM) vs. price
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Richer Models of Task Relatedness

Exploiting unrelated tasks / learning heterogeneous features

Sparse coding for multitask and transfer learning

Multilinear models and low rank tensor learning
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Exploiting Unrelated Groups of Tasks
[Romera-Paredes et al. 2012]

Example: recognizing identity
and emotion on a set of faces

emotion related feature
identity related feature

Assumption:
1. Low rank within each group
2. Tasks from different groups

tend to use orthogonal features
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Ridge Regression

MTL

MTL−2G

OrthoMTL

OrthoMTL−EN

min
W ,V

{
errem(W ) + errid(V ) + λ‖[W ,V ]‖tr + ρ‖W >V ‖2

Fr

}
Related convex problem under conditions
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Exploiting unrelated tasks / encourage heterogeneous features

Sparse coding for multitask and transfer learning

Multilinear models and low rank tensor learning
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Learning Sparse Representations

Encourage wt ’s which are sparse combinations of some vectors:

wt = Dγt =
K∑

k=1

Dkγkt : ‖γt‖1 ≤ α

Set of dictionaries DK :=
{
D = [D1, ...,DK ] : ‖Dk‖2 ≤ 1, ∀k

}
Learning method [Maurer et al. 2013]

min
D∈DK

1

T

T∑
t=1

min
‖γ‖1≤α

1

m

m∑
i=1

`
(
〈Dγ, x it〉, y it

)

For fixed D this is like Lasso with feature map φ(x) = D>x
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Connection to Sparse Coding

min
D∈DK

1

T

T∑
t=1

min
‖γ‖1≤α

1

m

m∑
i=1

`
(
〈Dγ, x it〉, y it

)

Natural extension of sparse coding [Olshausen and Field 1996]:

min
D∈DK

1

T

T∑
t=1

min
‖γ‖1≤α

‖wt − Dγ‖2
2

Obtained for m→∞, ` the square loss and y it = 〈wt , x
i
t〉, x it ∼ N (0, I )
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Experiment

Learn a dictionary for image reconstruction from few pixel values (input

space is the set of possible pixels indices, output space represents the gray level)

100 150 200 250
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T
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MTFL

SC−MTL

SC

Compare resultant dictionary (top) to that obtained by SC (bottom):
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Learning Bound

Theorem 1. Let Ŝp := 1
T

T∑
t=1
‖Σ̂t‖p, p ≥ 1. With probability ≥ 1− δ

1

T

T∑
t=1

E
(x ,y)∼µt

`(〈D̂γ̂t , x〉, y)− min
D∈DK

1

T

T∑
t=1

min
‖γt‖1≤α

E
(x ,y)∼µt

`(〈Dγt , x〉, y)

≤ Lα

√
8Ŝ∞ log(2K )

m
+ Lα

√
2Ŝ1(K + 12)

mT
+

√
8 log 4

δ

mT

If T grows, bounds is comparable to Lasso with best a-priori known
dictionary! [Kakade et al. 2012]
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Analysis of Learning to Learn

[Baxter, 2000]: distributions µ1, ..., µT ∼ E are randomly chosen
Example: µt(x , y) = p(x)δ(〈wt , x〉 − y), where wt is random vector

Risk R(D) := E
µ∼E

E
z∼µm

E
(x ,y)∼µ

`(〈Dγ(z|D), x〉, y)

Optimal risk R∗ := min
D∈DK

E
µ∼E

min
‖γ‖1≤α

E
(x ,y)∼µ

`(〈Dγ, x〉, y)

Theorem 2. Let S∞(E) := E
µ∼E

E
z∼µm
‖Σ(x)‖∞. With probability ≥ 1− δ

R(D̂)−R∗ ≤ 4Lα

√
S∞(E) (2 + lnK )

m
+ LαK

√
2πŜ1

T
+

√
8 ln 4

δ

T
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Comparison to Sparse Coding Bound

Assume: µt(x , y) = p(x)δ(〈wt , x〉 − y), with wt ∼ ρ, a prescribed
distribution on the unit ball of a Hilbert space

Let g(w ;D) := min
‖γ‖1≤α

‖w − Dγ‖2
2

Taking m→∞ in Theorem 2, we recover a previous bound for sparse
coding [Maurer & Pontil 2010]

E
w∼ρ

[
g(w ; D̂)

]
− min

D∈DK

E
w∼ρ

[
g(w ;D)

]
≤ 2α(1 + α)K

√
2π

T
+

√
8 ln 4

δ

T
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Exploiting unrelated tasks / encourage heterogeneous features

Sparse coding for multitask and transfer learning

Multilinear models and low rank tensor learning
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Multilinear MTL

Tasks are identified by a multi-index

Example: predict action-units’ activation (e.g. cheek raiser) for
different people: t = (t1, t2) = (“identity”, “action-unit”)

[Lucey et al. 2011]
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Multilinear MTL (cont.)

Learn a tensor W ∈ RT1×T2×d from a set of linear measurements

Wt1,t2,: ∈ Rd the (t1, t2)-th regression task, t1 = 1,...,T1, t2 = 1,...,T2

Goal: control rank of each matricization of W :

R(W) :=
1

3

3∑
n=1

rank(W(n))

Convex relaxation [Liu et al. 2009, Gandy et al. 2011, Signoretto et al. 2013]

‖W‖tr :=
1

3

3∑
n=1

‖σ(W(n))‖1
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Multilinear MTL (cont.)

Alternative approach using Tucker decomposition

Wt1,t2,j =

S1∑
s1=1

S2∑
s2=1

p∑
k=1

Gs1,s2,kAt1,s1Bt2,s2Cj ,k

S1 � T1, S2 � T2, p � d
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Alternative Convex Relaxation

‖ · ‖tr is the tightest convex relaxation of rank on the spectral unit
ball [Fazel et al. 2001]

‖W ‖tr ≤ rank(W ), ∀ W s.t. ‖W ‖∞ ≤ 1

Difficulty with tensor setting: ‖W(n)‖∞ varies with n!

Relax on Euclidean ball [Romera-Paredes & Pontil 2013]

Ωα(W) =
1

N

N∑
n=1

ω∗∗α (σ(W(n)))

ω∗∗α : convex envelope of card(·) on the `2 ball or radius α

Related work by [Argyriou et al. 2012]
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Quality of Relaxation (cont.)

Ωα(W) =
1

N

N∑
n=1

ω∗∗α (σ(W(n)))

Lemma. If ‖x‖2 = α then ω∗∗α (x) = card (x).

Implication: if W satisfies conditions below hold then Ωpmin(W) > ‖W‖tr

(a) ‖W(n)‖∞ ≤ 1 ∀n

(b) ‖W‖2 =
√
pmin

(c) min
n

rank(W(n)) < max
n

rank(W(n))

On the other hand, ω∗∗1 is the convex envelope of card on `2 unit ball, so:

Ω1(W) ≥ ‖W‖tr, ∀W : ‖W‖2 ≤ 1
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Problem Reformulation

Want to minimize

1

γ
E (W) +

N∑
n=1

Ψ
(
W(n)

)
Decouple the regularization term [Gandy et al. 2011, Signoretto et al. 2013]

min
W,B1,...,BN

{
1

γ
E (W) +

N∑
n=1

Ψ
(
Bn(n)

)
: Bn = W , n = 1,...,N

}

Augmented Lagrangian:

L (W ,B,C) =
1

γ
E (W) +

N∑
n=1

[
Ψ
(
Bn(n)

)
− 〈Cn,W −Bn〉+

β

2
‖W −Bn‖2

2

]
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ADMM

L (W ,B,C) =
1

γ
E (W)+

N∑
n=1

[
Ψ
(

(Bn(n))
)
− 〈Cn,W −Bn〉+

β

2
‖W −Bn‖2

2

]

Updating equations:

W [i+1] ← argmin
W

L
(
W ,B[i ],C[i ]

)
B[i+1]

n ← argmin
Bn

L
(
W [i+1],B,C[i ]

)
C[i+1]
n ← C[i ]

n −
(
βW [i+1] −B[i+1]

n

)

2nd step involves the computation of proximity operator of Ψ
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Proximity Operator

Let B = Bn(n) and where A = (W − 1
βCn)(n). Rewrite 2nd step as:

B̂ = prox 1
β

Ψ(A) := argmin
B

{
1

2
‖B − A‖2

2 +
1

β
Ψ(B)

}
Case of interest: Ψ(B) = ψ(σ(B))

By von Neuman’s inequality:

prox 1
β

Ψ (A) = UAdiag
(
prox 1

β
ψ (σA)

)
V>A

If ψ(x) = ω∗∗α use prox 1
β
ω∗∗α

(x) = x − 1
βproxβω∗α (βx)

ω∗α(z) = sup
‖x‖2≤α

{〈x , z〉 − card(x)} = max
0≤r≤d

(α‖z↓1:r‖2 − r)
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Experiments

Video compression (Left) and exam score prediction (Right):
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Time comparison:
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Conclusions

MTL exploits relationships between multiple learning tasks to improve
over independent task learning under specific conditions

Reviewed families of regularizers which naturally extend complexity
notions (smoothness and sparsity) used for single-task learning

Recent work on sparse coding of multiple tasks. Matches performance
of Lasso with a-priori known dictionary

Multilinear MTL: need for convex regularizers which encourage low
rank tensors
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1996.

[Izenman 1975] A. J. Izenman. Reduced-rank regression for the multivariate linear model. Journal of Multivariate Analysis,
5:248-264, 1975.

[Jebara 2004] T. Jebara. Multi-task feature and kernel selection for SVMs. Proc. 21st International Conference on Machine
Learning, 2004.

[Jebara 2011] T. Jebara. Multitask sparsity via maximum entropy discrimination. JMLR, 12:75-110, 2011.

[Jacob et al. 2008] L. Jacob, F. Bach, J.-P. Vert. Clustered multi-task learning: a convex formulation. NIPS 2008.

[Kakade et al. 2012] S. Kakade, S. Shalev-Shwartz, A.Tewari. Regularization techniques for learning with matrices. JMLR,
2012.

[Kang et al. 2011] Z. Kang, K. Grauman, F. Sha. Learning with whom to share in multi-task feature learning. Proc. ICML,
2011.

[Kolda & Bader 2009] T.G. Kolda and B.W. Bader. Tensor decompositions and applications. SIAM Review, 51(3):455-500,
2009.

[Kumar & Daumé III 2012] A. Kumar and H. Daumé III. Learning task grouping and overlap in multi-task learning. Proc.
ICML, 2012.

[Lawrence & Platt 2004] N. D. Lawrence and J. C. Platt. Learning to learn with the informative vector machine. Proc. 21-st
International Conference in Machine Learning, 2004.

[Lenk et al. 1996] P. J. Lenk, W. S. DeSarbo, P. E. Green, and M. R. Young. Hierarchical Bayes conjoint analysis: recovery of
partworth heterogeneity from reduced experimental designs. Marketing Science, 15(2):173-191, 1996.

[Liu et al. 2009] J. Liu, P. Musialski, P. Wonka, J. Ye. Tensor completion for estimating missing values in visual data. Proc.
12th International Conference on Computer Vision (ICCV), pages 2114-2121, 2009.

Massimiliano Pontil Multi-task and Transfer Learning MLSS 2013, Tübingen 41 / 43
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