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Gaussians have been discovered before

In virtually every area of science affected by uncertainty

» Thermodynamics Brownian motion, Ornstein-Uhlenbeck process

» stochastic calculus stochastic differential equations, It calculus
» control theory stochastic control, Kalman filter
» signal processing filtering

» other communities use other names for the same concept
Kriging; Ridge-Regression, Kolmogorov-Wiener prediction;
least-squares regression; Wiener process; Brownian bridge, . ..
» Now: Gaussians show up in numerical methods, too ...
quadrature, optimization, solving ODEs, control ...

Gaussian processes are central to many machine learning
techniques, and all areas of quantitative science.



The big picture

we need a coherent framework for hierarchical machine learning

conditioning by quadrature

estimation by optimization

prediction by analysis

action by control

» uncertainty caused by finite computations should be accounted for
» uncertainty should propagate among numerical methods
» joint language required: probability

“off-the-shelf” methods are convenient, but not always efficient.



Numerical algorithms are the elements of inference

inferring solutions of non-analytic problems http://www.probabilistic-numerics.org

Numerical algorithms
estimate (infer) an intractable property of a function
given evaluations of function values.

quadrature estimate [abf(m)dx given {f(x;)}
optimization estimate arg min, f(x) given {f(x;),Vf(z;)}
analysis estimate x(t) under 2’ = f(x,t) given { f(x;,t;)}

control estimate min,, z(¢,u) under ' = f(x,t,u) {f(x: tiu;)}

» even deterministic problems can be uncertain
» not a new idea’, but rarely studied

We need a theory of probabilistic numerics.

Gaussians, because of their connection to linear functions, are
at the heart of probabilistic interpretations of numerics.

H. Poincaré, 1896, Diaconis 1988, O’Hagan 1992



Recall: GPs are closed under linear maps

p(2) =N(z;1,2) = p(Az) =N(Az, Ap, AXAT)

» this is not restricted to finite linear operators (matrices) A
» A(z) =T(a<x<b)gives Af = fab f(z)dz

b ‘ J2 7() dw) ( [ () dx)
r)dz, z)dx | =N a o B 7
o( [ s [ ras) af (fad ) ()
(fab fab k(z,z") dz da’ fab fcd k(z,z") dz dx’) ]
fabfcdk(zaxl) dz dz’ fcdfcdk(:z:,x’) dz dz’
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Quadrature with GPs

A O’Hagan, 1991; T Minka, 2000; M Osborne et al., 2012

# evals

O | | | | | | | | |
0 01 02 03 04 05 06 07 08 09
T
» say what functions you expect to integrate
» find arg miny [kr s - krgy k7L, krcr] (depends on kernel!)
» Bayesian quadrature
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Gaussian processes can be used to construct quadrature rules.



Inferring f from observations of F

3 ~il : A A | by
BflFx = Bf KR kE gy (Fx =[x n) krgiry =kpr —kprx ko gy krx s




Optimization

continuous, nonlinear, unconstrained

For f: RY — R, find local minimum arg min f(z), starting at z.

An old idea: Newton’s method

f(@)m f (o) + (2= 2) "V f(2) + %(w —2)" VY f () (2 - )
=B(z¢)

— Tps1 =2 — B (20) V(1)
Cost: O(N?)

High-dimensional optimization requires
giving up knowledge in return for lower cost.



Quasi-Newton methods (think BFGS, DFP, ...)

aka. variable metric optimization — low rank estimators for Hessians

» Instead of evaluating Hessian, build (low-rank) estimator fulfilling local
difference relation ...

Vf(z4e1) = Vf(2t) = Bor (@41 — 4)
Yt = Bee1Se

» ...otherwise close to previous estimator in | Bi+1 — B | pv
» ...S0 minimize regularised loss

Bues = argmin +1B - Billhy }
BeRNxN
= lim arg max N(E;ET,V®V)
B0 "p
(yt — Bisy)V's) Vss'V
- argmax N | B: B, + 2050 50 oy
gB x [ ! s{Vsy sTVs
posterior

Quasi-Newton methods perform local maximum a-posteriori
Gaussian inference on the Hessian’s elements.



Optimization with GPs

nonparametric quasi-Newton methods Hennig & Kiefel, ICML 2012, JMLR 2013

» |dea: replace
Vf(@er1) = V() » B(wper - 31)
— = /jm B(z) dx
» Gaussian process prior on B(z", )
p(B) = GP(B,By(a",z), k(aT,2'") ® k(z,2"))

» Gaussian likelihoods

1
e85 = B N (i S [ BT a(®) k(o) 05)

1
()" 1B =t N (s sl [ B O a5 k(e

» posterior of same algebraic form as before, but with linear maps of
nonlinear (integral of k) entries.
» same computational complexity as L-BFGS (Nocedal, 1980): O(N)



A consistent model of the Hessian function

nonparametric inference on elements of the Hessian PH. & M. Kiefel, ICML 2012, JMLR 2013
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nonparametric quasi-Newton methods

functional generalizations Hennig, ICML 2013

Learning nonparametric models of Hessians allows
» optimizing noisy functions
» dynamically changing functions
» parallelization

v
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Gaussian processes can be used in optimization.



GPs are closed under differentiation  Rasmussen & wiliams, 2006, §9.4

= e db jk =1 el . = omm — o =il o
ilfy =Hs+Rep Ry o (Fx = by ) S 7. = 05 =57 e e M7
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GPs can have multiple outputs

Reminder of Part |

100 T T

250
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Solving ODEs with GPs

observe ¢’(t), infer c(t) Skilling, 1991

solve ¢/(t) = f(c(t),t) such that ¢(0) =a and ¢(1) = b

§(e(D) = 9Pt eV 0 )
1 : p(yelc) = N(f(ést);¢,U)

» repeatedly estimate ¢; using GP
posterior mean to “observe”
c(t) = f(é) +dy

» estimate error in this
observation by propagating
Gaussian uncertainty through f.

Recent work:
> Chkrebtii, Campbell, Girolami, Calderhead http://arxiv.org/abs/1306.2365
> Hennig & Hauberg http://arxiv.org/abs/1306.0308
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The Advantages of a Probabilistic Formulation

joint uncertainty over solution Hennig & Hauberg, under review

2nd principal component

1st principal component

()
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The Advantages of a Probabilistic Formulation

uncertainty over problem Hennig & Hauberg, under review

X2 [arbitrary units]

X1 [arbitrary units]

()
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Gaussian processes can be used to solve differential equations.



Lots of “Gaussian integrals” are known

and can be used to map uncertainty through almost any function see e.g. M. Deisenroth’s PhD, 2010

» write f(z) = ¥, ¢;(z)Tw such that

f & ()N (z; 1, 2) dz f ¢i(2)pj ()N (z; 1, X) dz

is analytic
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Lots of “Gaussian integrals” are known

and can be used to map uncertainty through almost any function see e.g. M. Deisenroth’s PhD, 2010

f F@N(z; 1, %) d = Zwl f oi(2)N (z;1,2) dz
[ P@N @) o =% T wiws [ 6i(@)o5@)N (@p,%) do

» also works if f € RY, and if p(w) = N (w;m, V)
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Some useful Gaussian integrals

an expressive basis set for function approximation

0 if p odd
[ 2’ N (x;0,0%) da = o , I o
[Tici:2p-1% if peven

/ 2PN (;0,0%) da = \/_QP/QF (p;r 1)

[(T m) "V (x—m)N(x;u,X)de = (u-m)"V{(p-m)+tr[VE]
[./\/‘(a:;a.,A)N(x;b;B)dx:N(a,b,A+B)

(w=m)/s (p=m)/\/(s*+5?)
ff N(:f:,O,l)di?N(x;u,UQ)dx:f N(%,0,1)

1[1f(M)]
2 252 + 07)

c.f. DB Owen, A table of normal integrals. Comm. Stat.-Sim. Comp. 1980
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Expected values of monomials
for moment computations

T T T T T

. p 1 1p2
fsz(I;u,U)ZJP(—Z\/ESgIlp,)pU P B peNO
2’2" 202

where U is Tricomi’s confluent hypergeometric function (cheap)
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Expected values of error functions

for moment computations e.g. Rasmussen & Williams, §3.9

3 T
Al |
s >
0‘%
1 ‘ ‘ : ‘ ‘
4 -2 0 2 4 6
()= [ N(@;0,1) do F%

[ (=" )N @mo) - o)
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Expected values of error functions

for moment computations e.g. Rasmussen & Williams, §3.9

1 \ \ \ \ \
-4 -2 0 2 4 6
x i _ H—m
@(m):[m/\/'(w,o,l)dz zf\m

[z ()N @) = u () +

2
g
Vo
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Expected values of error functions

for moment computations e.g. Rasmussen & Williams, §3.9

1 \ \ \ \ \
-4 -2 0 2 4 6
x . _ u—m
@(m):[mN(r,O,l)dm z—\/m

2

(on
V2 + 02

et

7m)./\/(m;u,cr) :(,u2+02)<19(z)+(2,u U2+ 2)N(z 0,1)
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Treating Cancer with GPs

Analytical Probabilistic Modelling in Radiation Therapy Bangert, Hennig, Oelfke, 2013

image source: wikipedia
30



the data

CT images source: wikipedia

31



the parameter space

multi-beam plans source: M. Bangert, DKFZ




setup errors can be disastrous

human bodies are complicated Mark Bangert, DKFZ

» setup errors of 5mm and less can drastically change the clinical
outcome

» accounting for these errors is currently not clinical practice
» some prior work?,2, but problems of computational cost

2Unkelbach et al.: Reducing the sensitivity of IMPT treatment plans to setup errors and
range uncertainties via probabilistic treatment planning. 2009 Med. Phys. 36: 149

3Sobotta et al.: Accelerated evaluation of the robustness of treatment plans against
geometric uncertainties by Gaussian processes. 2012 Phys. Med. Biol. 57 (23): 8023
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Propagating Gaussian uncertainty through nonlinearities

using integrals against Gaussian measures

30

rel. dose [Gy]

LY

0 P PP IADE AP Lot AT LY
0 20 40 60 80 100 120 140 160 180
[mm]

» works on virtually any continuous function
» guaranteed numerical precision, fixed at design time
» low computational cost: just matrix-matrix multiplications
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Error Bars on Radiation Dose

setup error Imm +2mm, range error 3% Bangert, Hennig, Oelfke, 2013

150 200 zso 300 350 400 B 1 150 200 250 300 350 400
[mm]



Gaussian algebra can be used to build

numerical methods for probabilistic computations.



Gaussians provide the linear algebra of inference

» products of Gaussians are Gaussians
N (z;a, A)N (230, B) = N (z;¢,C)N (a;b, A+ B)
C=(A"+BH?!'  c¢=C(A a+B™'D)

» marginals of Gaussians are Gaussians

by =
N v ; Mm)a( o zy) dy=N &£ a:vzxw
f [(y) (/‘y Yye  Dyy Y (wip )
» (linear) conditionals of Gaussians are Gaussians

x, B B
w = N(‘Ta Mo + Exyzy;(y - :U/y)v ELITJIY - Ewyzyzjzyx)

» linear projections of Gaussians are Gaussians
p(2) =N(z;1,Y) = p(Az)=N(Az, Ay, ASAT)

» analytical integrals allow moment matching “projection to Gaussians”

f F(@)N (z;1,%) =known  e.g. for f(z) = 2, erf(2), N (z),2"Vx

p(zly) =
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Generalised linear models learn nonlinear functions

p(w) = N (w; 1, %)

f(@) = ¢(z)"w
20
10 |-
o
-10 ©

=SS5

______

*****
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Generalised linear models learn nonlinear functions

fx)=o(x) w  plw)=N(w;pX)

38



infinite feature sets give nonparametric models

p(f)=GP(f;n k)
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Gaussian processes are powerful, but not magic

powerful models
» kernels use infinitely many features
» kernels can be combined to form expressive models
» hyperparameters can be learned by hierarchical inference
» individual nonlinear effects can be separated from superpositions
» some kernels are universal
but no magic
» every model has parameters chosen a priori
» universal kernels can have logarithmic convergence rate
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Gaussian processes are at heart of probabilistic numerics

Gaussians have great algebraic properties

» GPs are closed under linear projections, including

» differentiation
> integration

» GPs can be integrated against an expressive set of functions
They are the elementary tool of probabilistic numerics

» quadrature rules can be derived from GPs

» quasi-Newton optimization can be generalised using GPs

» GPs allow ODE solvers capable of probabilistic input

» moment matching allows numerical probabilistic computations

Numerics is about turning nonlinear problems into linear ones.
That's what Gaussian regression does.

1



Questions?
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